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INTRODUCTION 


Recently the Interacting Boson Approximation Model (IBA) to 
deal with the collective states for even nuclei is rapidly developed 
[1-5] . However, only quadrupole states can be interpreted within the 
given formalism with the eventual of one-phonon states of the 
higher multipolarity. According to known suggestions [6,5] the impor= 
tant role is played by other collective motions especially by the 
octupole degrees of freedom. Calculations based upon the Bohr- 
-Mottelson geometrical model showed [7] that in some cases almost 
pure two-phonon octupole states ought to appear. The extension of 
theoretical predictions is rather important to suggest experimental 
search for many-phonon states, 

The alm of the paper is to extend the IBA formalism as to 
take into account the Interaction of octupole bosons, 
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GRCUP-THEORY DORN ALI->N 


Quadrupole bosons, with the angular momentum quantum num- 
berL*2 , so far considered, were followed by the SU (5) standard 
symmetry with five one-spiniess boson states for the 5-dimension group 
-space. "or octupole bosons the base is of 7-dimensions with seven 
one-boson states (L*3 ) which form the base of the funcamental rc- 
presentation of the SU (7) symmetry. 

Generators of the infinitesimal transformations are 


+ zyk 
(f A L=1,2,..., 6 (2) 
is the one-phonon octupole state and 


w m 
him*"61) h-m 
The commutator of two sengrators reads 


[E Ro (fal a Veneen 0 E-t] 


yA 
A igei + (La 3'3 \ (fs fs) 
The operators (1) for odd L (L = 1,35) fórm the closed set of ge- 
nerators of the O (4 ) transformations, too. 


where Ę [0 > 


Following the traditional way of atomic spectroscopy [8]. we 


introduce here also the Ge boson group generated by the operators (2) 
restricted to L = 1,5 
The last symmetry, as usual, is the rotational symmetry with 


a:sgwar momentum operators as generators of 0 (3) transformations 


Ler- (RE, LeseeV (RA,  Lo"+VT(EE (3) 
In that way thc group-symmetry chain for further considerations is 
SU (7)> 0(7) 2G, 20(3) (4) 
To adopt the above symmetry chain means, among others, considera- 
tłon of the interaction between the octupole bosons only, 

Conclusions following this model will be consequently applied 
to such collective states of atomic nuclei which are pure, or almost 
pure, mary-octupole phonon states, 

Classification of many-octupole phonon states is simplified as 
the considered states are completely symmetrized ones, For such 
states the irreducible representations of the SU (7) symmetry group 
are very restricted and are denoted by one number, namely the number 
of bosons involved: [N]. 
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I. oreover, the irreducible representation [x] of the SU (7) 


aroup splits into the irreducible representations of the orthogonal group 


[N] U je (v,0,0) (5) 


where veN, N=2ee, 1 Or O is the boson seniority number and 


© (7) in the simple way 


(v,0,0) means the fuily symrietrized irreducible representation of the 
) (7) 4yroup. Each of allowed representations (v,0,0) appears only 
once in the decomposition (5). Even more simple is the next step 
in the chain (4) as the irreducible representation (v,0,0) of the 
O (7) group remains irreducible as the representation of the G, group. 
The last one is factorized ty (v,0), 

Nonisivial probłer: arises, however, in the decomposition of 
the irreducibłe representations (v0) into the irreducible representa- 
tions (L) of the rotational group O (3). Dor a given (v0) the same 
(L) may appear more than once and the additional non-specified auare 
tum numbers X must be introduced to distinguish the same (L) with- 
in a given (v,0). . 

The many-boson states in the chain (4) are then 


|Nv%LM > (6) 


DECOMPOSITION OF THE IRREDUCIBLE REPRESENTATION (v,0) 
OF THE Gg SYMMETRY GROUP INTO THE IRREDUCIBLE 
REPRESENTATIONS (L) OF THE O (3) ROTATIONAL GROUP 


ior the effectrve aecomposition we make use of the paper of 
„Jhi-.5hengs=!. ing [2] where the formula for the multiplicity of the rep- 
resentation (L) in an irreducible representation of the 6, group was 
given. che results of that work are here e.itended to a handfti form 
in applications, 
In the two-dimensional root space (Fig. 1) with the same 
angle of 30% between roots, we choose the non-orthogonal base 
= 
h,= (4.0) K, (04) (7) 


<:calar product of two vectors in this base is 
(a[6): (ua |byba) a,b, + 0,0, + $ (040; * a2b4) (8) 


and the roois arc 


g, =h(01) R (1-2) (9) 
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Śąmh=(40)  X,-(4-4) 
Rs (21) Ze (44) 


with ~ ~ 


hh, 


The roots &, and z; are called the prime roots, 


Fig.1. Roots for the G, group: Ida! = 3 


<g>. wę 
and 4 ldb,ydz) = 30* < 


We label as Ze $ 5 z the following vectors in the root- 
“space 


2 
AN=(v0) 
rd = 
Gah) 6-8) 
10 
5-6 i (10) 
E~ 
E =A+$-(v+3,1) 
Let us iniroduce the operators &; 
> = Gg P =E 

OSS 2 i  1-42,...,6 (11) 
which mean the reflections of the vecior T with respect to the 
Straight lines passing through the origin perpendicular to the root 
vectors > . If we apply the transformations 6, several times we 
get in addition only si: further transformations é,, u*48, -..., 42 


These transformations form the Weyl’ s Group with the known property 


det 6; =-4 tor U€6 


(12) 
det 6; = +4 for ¿Y6 
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Let us define the vector f from conditions 
-æ + + - 
(F|£,)=1 (F1£)*1 (13) 


which give 


f-(4;3) (12) 


= 
Then we introduce the c-number o(5): 


08) EIA =38,+8, (15) 
Hence 


0(¢)=8 (16) 


The multiplicity of a given L in the irreducible representation (v,0) 
of the G group is given by the formula [2] 


c MT Mea (17) 


where M, can be calculated from recurrence relation 


M+) det - ) detd M .o($-42) m 
dew dew 
0(3€)-O@)=L dra 
where W is the Weyl’ s group and 4 is its identity transrormation. 
We can also express the C, from (17) and (18) by the 


recurrence formula 


c Cs +6, aves Ot av “Si y-g -§ ,2v-4 “8. w- 
POZ Si I ei Sea 
aç = (CG 


ia Guiana 


(19) 


with conditions 


C371 and (40 for k>3v 


zej G EJ S 


We have obtained the more compact relation for the multiplicity Cy 
in the form 


J X Sun (M-Y) tor k< 3v 


ra | 5 (20) 
tor k> 3v 


where the coefficients k-n are independent of seniority v and can 
be obtained from the relation 


G- Tist 1 en Ten? w * 


$- 


(21) 
ay Ree y Ka” 7. Ti- a 
with the condition 
G1 » 430 L<0 
and where 
g(nv) = Sno * Saves +6, zwa Śri “Saves” Snaves (22) 


In such a way we have completed the decomposition of the fully sym- 
metric irreducible representation of the SU (7) group according to 
the chain (4), In the table 1 we give the values of the Y; coefficients 


Tab, 1. The coefficients Vi in the multiplicity formula (20) 


aa a dd il li a e 


up to i = 15 and in the table 2 we have gathered the results of multi- 
plicity calculations Cgy-, for kę 15, 


MATRIX ELEMENTS OF THE OCTUPOLE CREATION OPERATOR 
fin IN THE 0(3) e SU (1,1) BASIS 


We restrict calculations to the states |NvXL M » in which the 
additional quantum numbers © are not needed ie., X take on only 
one value for each (NvL M ). Such states are supposed to be the 
most important physical states, 


Intera © e Bos 


Tab, 2, The values of the multiplicity Z ; 
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It can be seen, by construction, that in these states L = 3v ; 

3v=-2 ; 3v-3 only. We will keep, in what follows, the order of quantum 

number |NvLM>. The construction of states |NvLM> are done in 


several steps 
o 


© CG O © © O © © © © O O © © 
© © © © © © © © © © © © © © 
©o©© © © © © ©©06006 + © «» 
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Ivv,3v,3v>=Nalv) (Fea) “| 0> 
|vv,3v,M> "Na (v,M) (12) |wv,3v,30> 


[vv,L,M me ODA | v-4 N-4,3v-2) 
INv,L,M> = Na (N,v) 5, ŁU") |vv,L,MV 


S, a ( [34 ę) (24) 


is the pair L = O creation operator on the fy level. Normalizing 
coefficients N,(v) , N, (v M) and N,(N,v) are given immedi- 


atety: 
Np)” 


y= +m)! 
Ng(v,"4) | Gv-6)! Gv-3-N)I 


(23) 


(25) 
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Non-trivial case ia the calculation of the Na (v, L) « At first, from the 
matrix element 


Kea, v*4 ,3v+3, 3v+3| f,, |vv,3v,3V>= Ver" (26) 


we get the reduced matrix element (in 0 (3)) 


Q+4,v+4,3ve3]] f° ll v,v,3v>=Vive4) (eve?) (22) 
and then 
Get, v+f,3v+3,M |, | v,v,3v,M>=(3v M 3m|3v+3 M)Vv:4' (28) 


By streightforward calculations we get 


Gw tM|vvLMN= 4- N;(v;L) [aeth 3v-3 4] 


33v-3 L 


Hence 


N;(v,L) = te(r-4(60-5)f3 as ‘a= (29) 


Similar method while applied to matrix element calculations gives 


Qavat Igle ake in i el 
Cea HA 3v 3v- aiy (y wu} 


(30) 


The general formula gives six considered here matrix elements whicn 
are given in the table 3, 


Standard quazi-spin calculationa have been performed to get 
the double reduced matrix element of the (ań creation operator 
in the 0(3) @SU (1,1). The operator fs, has a well defined tensor 
property with respect to the SU (1,1) namely 


ajm (31) 


where 


Hence, by definition 


GH [FR m [vem >- ~ Lima) Fes, tq|s's!]> (32) 
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n ofp 03) 
xy L | F | v, DNE (41) 


S$ 4) sth) s») 


and [5S.ż qlSS.] is the Clebsch-Gordan coefficient for the SU (41) 
non compact group (401. 
The quasi-spin calculation gives 


ve +4 eee yy L Aois © suua” «au Cuties, L||F; lly, v Loe 


n x : (34) 
Gy a poz A ÓW e)” ‘vwal | fs l os il Ja) 


Tab, 3. The complete set of the reduced matrix elements of a boson 
creation operator a for the states uniquely labelled by Nev,L 


rae es... Po pil ane 


owa fontów) 
yerni.) p 
6v-1 


(EEEE 


U 6v-1 
> JE TEICA 
[3v- 1)(6v-1) 


NEEZUICZI 
(3v-2)(6v-1) 
= (v-2)13v:1)13v+2)16v:1) 
TWE" REA (3v-1) 


Hence we get the full set of one-particle matrix element in the O (3) 
© SU (1,1) reduction restricted to the states Nv|. M with L *3v 3v-2 
3v-3 . We are now in position to obtain after a simple extension of 
calculations the matrix elements of one-body and two-body physical 

operatora under consideration, especially, the energy and transition 

operators, 
The results obtained in the paper will be followed by appiica= 
tions to nuclear calculations in the frame of the Interacting Octu.pole 

Boson Approximation. 
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STRESZCZENIE 


W pracy zostały podane podstawy klasyfikacji bozonowych sta- 
nów oktupolowych według łańcucha grupowego SU(7)> 0(7)>6, >0(3) mają- 
cego bezpośrednie zastosowanie w modelu oddziałujących bozonów 
(IBA ) wzbudzeń kolektywnych jąder atomowych. 


PESKUE 


B paóoTe npelcTaBIEHH OCHOBH KIACCUŻUKAUKY OKTYNONBHWX 
Ó030HHKX zocToAHui: no rpynzoBoli nenouke SU(7)=>0(7)=>G,>0(3) 
uiebueii HeTocpeACTBEHHOE NpuNEREHKE B NOĄEJUK B3AUMOJE'HCTBYN- 
HEX Ó030H0B KONIEKTUBRHKX BOBCYKNeHH* 3TOKHHX AHEpP. 


Złożono w Redakcji 5 XII 1978 roku. 


